A variational method called discrete variable representation is applied to study the energy spectra of two interacting electrons in a quantum dot with a three-dimensional anisotropic harmonic confinement potential. This method, applied originally to problems in molecular physics and theoretical chemistry, is here used to solve the eigenvalue equation to relative motion between the electrons. The two-electron quantum dot spectrum is determined then with a precision of at least six digits. Moreover, the electron correlation energies for various potential confinement parameters are investigated for singlet and triplet states. When possible, the present results are compared with the available theoretical values.
I. INTRODUCTION
The study of confined quantum systems has been the subject of investigation of physicists and theoretical chemists since the beginning of quantum theory. In 1928, Fock 1 studied an electron confined by a harmonic oscillator potential in a uniform magnetic field. This problem was investigated by Darwin 2 two years later, obtaining some more properties.
Michels et al. 3 proposed in 1937 the model of a hydrogen atom in a spherical cage to simulate the effect of pressure on an atom. They were soon followed by Sommerfeld and Welker 4 who recognized the importance of the model of a compressed atom for astrophysics. Meanwhile, Schrödinger 5 studied the case of an atom confined by a cotangent potential. Since then, problems concerning confined quantum systems have been studied by many authors ͑see Refs. 6-8 for a partial listing of references in this field͒. The interest in the study of the physical properties of confined quantum systems has increased with the recent advances of experimental techniques used in mesoscopic-scale semiconductor structures. 9, 10 They have allowed the construction of new quantum systems as artificial atoms and molecules 11, 12 or quantum dots 13, 14 where the number of confined electrons can be controlled. Moreover, the study of the confined systems is also important in catalysis when adsorption phenomena are investigated 15 in the embedding of atoms and molecules inside cavities such as zeolite molecular sieves, 16 fullerenes, [17] [18] [19] [20] or solvent environments 21 and in bubbles formed around foreign objects in the liquid helium or neutral plasma, [22] [23] [24] for instance. Also, one can study confined phonons, 25 polaritons and plasmons, 26 and confined bosonic gases. 27 One of the first nontrivial confined quantum systems that shows the interplay of electron-electron interaction and spin effects is the two-electron quantum dot; it is also an interesting candidate to be a qubit in quantum computation. 28, 29 The properties of the two-electron quantum dot are dependent on many different issues such as the way to simulate the spatial confinement and its geometric shape, the presence and the position of impurities, the existence of external electrical and/or magnetic field, and the inclusion of many-body effects.
Traditionally, the spatial confinement of a quantum system can be simulated by the imposition of the boundary conditions on the wave functions, [30] [31] [32] [33] [34] by changing the actual potential to a model one, 35 and by the introduction of a confinement potential; 36, 37 some of these are employed to treat quantum dot systems. On the other hand, several geometric kinds are used as the confining potential in a quantum dot. Maybe the most common quantum dot with two interacting electrons is the two-dimensional isotropic harmonic potential. [38] [39] [40] [41] However, many other models have been used, such as the spherical box with finite 42 and infinite [43] [44] [45] [46] walls, the two-dimensional harmonic potential with anharmonic correction, 47 the one-dimensional, 48 square 49, 50 and cubic 51, 52 boxes with infinite walls, the ellipsoidal quantum dot, 53 the Gaussian confining potential, 54 the two-dimensional anisotropic harmonic potential, 55 and the three-dimensional isotropic [56] [57] [58] [59] [60] and anisotropic 61, 62 potentials. Other indispensable ingredients to a precise determination of quantum effects in the two-electron quantum dots are the accuracy of the description of electron-electron interaction and the quality of the calculation. 53 the WKB treatment, 75 and the randomphase approximation. 76 Most of these studies are limited to ground-state and few excited-state properties. 61, 77 Due to the number of studies, the two-electron quantum dot is an attractive workbench for testing any new computational or theoretical procedure.
In the present paper, we are interested in determining the energy spectrum of a two-electron quantum dot confined by a three-dimensional anisotropic harmonic potential without the application of an electromagnetic field. The spectrum, considering both singlet and triplet states, is computed using the discrete variable representation ͑DVR͒ method ͑see Refs. 78-80 and references therein͒. The DVR method, set with the Woods-Saxon potential, was recently used by us to study some confined quantum systems including one-electron quantum dot application. 37 We believe that this approach has the necessary flexibility and accuracy required by the lowdimensionality systems.
This paper is organized as follows. In Sec. II the theory of confined quantum dots is shown. Section III presents the discrete variable representation method in the fashion that we are using in calculations. The results are shown in Sec. IV. In Sec. V we present our concluding remarks.
II. THEORY
The Schrödinger equation for N confined particles is written as
where
with r ϵ͕r 1 , r 2 , … , r N ͖ the position of N particles, T is the kinetic energy, V dot is the confinement potential of the quantum dot, and V int is the interaction potential between the particles. The system of our interest is the two interacting electrons of effective mass m * in a quantum dot with an anisotropic harmonic confinement potential whose Hamiltonian is
where ٌ j 2 is the Laplacian associated with the jth electron and
is the confinement potential of the quantum dot. The effective a.u. is used unless otherwise stated, i.e., ប = m
The relative-motion ͑r = r 1 − r 2 ͒ and center-of-mass ͑R = ͑r 1 + r͒ /2͒ coordinates in Eq. ͑3͒ can be introduced in order to split the Hamiltonian as follows:
where the center-of-mass ͑H CM ͒ term is
͑6͒
and
is the relative-motion ͑H RM ͒ term, with r = ͉r͉.
To solve Eq. ͑1͒ with the Hamiltonian expressed in Eq. ͑5͒, we can consider the spatial wave function of twoelectron quantum dot as
where CM ͑R͒ and RM ͑r͒ are solutions of the following equations:
Thus the total energy ͑E͒ of this system is the sum of the center-of-mass ͑E CM ͒ and relative-motion ͑E RM ͒ eigenenergies. From Eq. ͑9͒ the CM part can be solved analytically and its solution ͓ CM ͑R͔͒ is a planar oscillator with angular frequency Ќ and a Z-direction harmonic oscillator with frequency z ; in consequence, the CM eigenenergy can be written as
͑11͒
where N and M are the radial and the azimuthal quantum numbers associated with the planar oscillator, respectively, and N Z is the quantum number associated with the Z-direction harmonic oscillator. The relative-motion problem defined in Eq. ͑10͒ has no analytical eigenfunction due to the Coulomb interaction. To solve it we have employed a variational scheme based on wave-function expansion in terms of a finite basis set. In particular, the DVR method 78 is used to expand RM ͑r͒ in the radial direction, while the spherical harmonics are employed to expand it in the angular directions. The details of this procedure are described in the next section.
The total wave function ͑⌿ tot ͒ of the two-electron quantum dot should be defined as the product of spatial ͓⌿͑R , r͔͒ and spin parts, and it must be antisymmetric under the interchange of two electrons. This means that for singlet states the spatial wave function ⌿͑R , r͒ must be symmetric, and for triplet states it must be antisymmetric. As the center-ofmass wave function ͓ CM ͑R͔͒ is always symmetric ͑the center-of-mass coordinate remains the same under the interchange of electrons͒, the symmetry condition should be in the relative motion described as ͓ RM ͑r͔͒. It will be discussed later.
III. NUMERICAL PROCEDURE
The strategy to solve the relative-motion Schrödinger equation ͑10͒ is based on the variational principle where the problem is transformed into finding the stationary solutions of the functional J͓ RM ͔ given by
As previously discussed, to obtain numerically the eigenvalues and eigenfunctions associated with Eq. ͑10͒, the relative motion wave function is first expanded in the following way,
where ͕c lj m ͖ are the expansion coefficients, is the parity of the RM ͑r͒ in relation to the interchange of the two electrons, and m is associated with the eigenvalue of the z component of the angular momentum operator l z . Then, J͓ RM ͔ is required to be stationary under the variation of such coefficients. Next, the relative-motion problem turns out to be the solution of a generalized eigenvalue problem, which in matrix notation is the following equation:
where c m is the coefficient vector. The Hamiltonian matrix elements are given by
with ⌬ 2 = z 2 − Ќ 2 and
are the overlap matrix elements. The symmetry condition of the RM ͑r͒ should be done on the angular part of expansion ͑13͒ because r is symmetric under the interchange of electrons. As the parity of spherical harmonics is ͑−1͒ l , expansion ͑13͒ can be separated into two: one with odd l's and the other with even l's. Thus, the total wave function ⌿ tot will be a singlet or a triplet state when the relative-motion wave function contains only odd l's or even l's in expansion ͑13͒, respectively. Moreover, as the z component of the angular momentum is conserved, the magnetic quantum number m is a good quantum number, and it is fixed during the calculation for each state. The other two quantum numbers, similar to the CM case, are one radial ͑n͒ associated with the planar motion and one ͑n z ͒ associated with the z-direction of the RM problem.
In the present work, the basis functions ͕ j ͑r͖͒ are determined, solving the following eigenvalue problem:
by using the equally spaced discrete variable representation method. [81] [82] [83] The DVR method is described with enough details in many other papers ͑e.g., see Refs. 78-80 and references therein͒. So, we will just introduce the method in what follows.
The DVR procedure consists of ͑i͒ building basis functions ͕f i ͑r͖͒ with the property
where ͕r i ͖ and ͕ i ͖ are the points and the weights of a Gaussian quadrature, ͑ii͒ expanding the trial wave function with the basis set ͑19͒,
and ͑iii͒ solving the associated eigenvalue-eigenvector problem obtained from the variational principle. In such a method the matrix elements of the potential energy using the basis set ͑19͒ are diagonals,
͑21͒
while the kinetic-energy matrix elements ͕T͖ ij should be, in general, determined analytically. Here the equally spaced DVR method is employed. 82 In this case, the ͕T͖ ij can be then written as 
where N = k + 1 and ͑a , b͒ are the intervals of integration. A characteristic of the DVR method is that the value of an eigenfunction in a quadrature point is simply the coefficient of expansion ͑20͒ associated with the DVR function of this point divided by the root of the related weight,
͑24͒
It should be pointed out that the expressions in the DVR method depend only on the grid points; so, they are general expressions for all one-dimensional systems. However, this procedure is easily extended to two-dimensional 83 and threedimensional systems.
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IV. RESULTS
The energy spectra of the two-electron quantum dot confined by a three-dimensional anisotropic potential is determined for different parameters ͑ Ќ and z ͒ by using the above procedure. The calculations are done expanding the wave function RM ͑r͒ by using 30 spherical harmonics with a particular symmetry ͑odd or even l's͒ and 100 ͕ i ͑r͖͒ basis functions. The solutions ͕ i ͑r͖͒ of Eq. ͑18͒ are obtained employing 2500 DVR basis functions equally spaced in an ap-TABLE II. Energy levels of the relative-motion problem ͓Eq. ͑14͔͒ for the isotropic quantum dot as functions of ͑n , l͒, where n and l are the radial and angular momentum quantum numbers. Results are in effective a. u. propriate interval for each pair of parameters Ќ and z . These intervals are shown in Table I . Thus, the energy spectra presented here have a good precision of at least six significant digits. In Sec. IV A the isotropic situation ͑ Ќ = z ͒ is analyzed, while the anisotropic one ͑ Ќ z ͒ is shown in Sec. IV B.
A. Isotropic case
Initially the relative-motion eigenenergies ͑E RM ͒ are calculated by using the procedure described above for the following quantum dot parameters: Ќ = z ϵ = 0.1, 0.25, 0.5, 1.0, and 4.0. Due to the isotropy of the confinement potential, results can be labeled using n and l, the radial and angular momentum quantum numbers, respectively. This happens because the coupling term between different l's in Eq. ͑15͒ disappears due to ⌬ = 0 when Ќ = z . Then, in such case, n and l are the quantum numbers associated with the relative-motion problem.
The first 42 relative-motion energy levels for each case are presented in Table II , where we can see some band structures in the results for larger values of . In each band, the n and l quantum numbers are related as follows: 2n + l = p , p being an integer number. For example, the energy values of the states ͑n , l͒ = ͑0,4͒, ͑1,2͒, and ͑2,0͒ are very close for = 1.0 and 4.0, and they have p = 4. As we will point out later, this represents that the influence of the electron-electron interaction is smaller for the strong confinement than for the weak confinement.
On the other hand, to calculate the total energies ͑E͒ we do need to calculate the center-of-mass eigenenergies ͑E CM ͒. In the isotropic case, expression ͑11͒ is reduced to
where N and L denote, respectively, the radial and angular momentum quantum numbers related with the CM motion. Then, the complete spectrum ͑E = E CM + E RM ͒ of the twoelectron quantum dot confined by a three-dimensional isotropic harmonic potential can be determined from the results in Table II and Eq. ͑25͒. It is important to point out that RM and CM quantum states which are 2l + 1 and 2L + 1 degenerate with respect to the values of m and M, respectively.
The values of E for a small set of ͑N , L , n , l͒ states are presented in Table III Table III indicates that the procedure based on the DVR method gives results with a great precision, and that the use of methodologies that compute completely the correlation effects is very important. Moreover, the spectrum with the lowest 245 energies of ͑N , L , n , l͒ states relative to the quantum dot parameter ͑i.e., E / ͒ are displayed in Fig. 1 for five different 's and for noninteracting electron problem ͑i.e., solutions of Eq. ͑3͒ where H RM is written without the 1 / r term͒. In the last case, relative-motion eigenenergies satisfy a similar expression of E CM ͓Eq. ͑25͔͒; i.e., E RM = ͑ 2n + l + 3 2 ͒ . In this figure, the band structure appears clearly for ജ 0.5, and when the values of the quantum dot parameter increase, the bands go sharpening and the interacting two-electron spectrum moves toward the noninteracting ones. However, for a weak confinement ͑ → 0͒ it is observed that a spectrum diffuses more. Since the energy gaps that occur between the ͑N +2L + n +2l +3͒-fold degenerate states of the noninteracting twoelectron quantum dot ͑QD͒ is due to the spectrum associated with two harmonic oscillators, Fig. 1 indicates that for stronger QD parameters ͑larger values of ͒ the motion of the electrons is mainly governed by the confinement potential, while for a weak confinement the electron-electron interaction plays an important and essential role.
In order to investigate this characteristic of the twoelectron quantum dot, considered now are the relativemotion singlet states, i.e., solutions of Eq. ͑14͒ with odd values of the parameter l. For this purpose, in Fig. 2 are displayed the relative differences between the energy levels of the interacting and noninteracting systems ͓⌬E ͑n,l͒ rel = ͑E ͑n,l͒ int − E ͑n,l͒ non ͒ / E ͑n,l͒ int ͔ as a function of the ͑n , l͒ state. We can see in Fig. 2 that the error in the electron-electron interaction is clearly larger for the weak confinements than for the strong ones. For example, ⌬E ͑0,0͒ rel for = 0.1 is approximately three times its value for = 4.0, while for ⌬E ͑0,8͒ rel this difference is about six times. Another interesting aspect that can be pointed out is that the larger the angular quantum number l's, the smaller is the value of ⌬E ͑n,l͒ rel when it is compared with the same band of energy levels. Moreover, the effect of the electron-electron interaction is larger in the low-lying states than in the highly excited ones. This issue can be explained if we call attention to the values of ⌬E ͑0,l͒ rel and ⌬E ͑n,0͒ rel when l and n are increased for all calculated 's.
The discrete energy-level spacing 55 ͑ELS͒ relative to ͓⌬E i ELS / = ͑E i+1 − E i ͒ / ͔ as a function of relative energy ͑E i / ͒ for singlets is shown in Fig. 3 for interacting systems with = 0.1, 0.25, 0.5, 0.1, and 4.0 for the noninteracting two-electron one. This figure supplies some information about the energy gaps that appear at the energy spectrum. The first is that energy gaps that occur in the noninteracting system are due to the spectrum of the harmonic oscillator. The second is that the energy gap decreases, and the degeneracies are lifted when the electron-electron interaction is included in the model. However, the intensities of these effects depend clearly on the quantum dot parameter . They are more obvious for the weak than for the strong confinement. Therefore, a repeated stretching phase of the energy gaps is observed for the interacting isotropic two-electron quantum dot. Note that a similar discussion was done for two-electron anisotropic two-dimensional quantum dots in Ref. 55 .
B. Anisotropic case
The relative-motion eigenenergies ͑E RM ͒ associated with ͑n , m , n z ͒ states are calculated for the following quantum dot Table IV . They are also shown in Fig. 4 together with the noninteracting energy levels, which are given by E RM non = ͑2n + m +1͒ Ќ + ͑n z + 0.5͒ z . Some interesting information can be observed in Table  IV and Fig. 4 . The first one is the existence of a band structure in energy levels when the electron-electron interaction is considered, while to the noninteracting ones there is a regular structure. However, different from the isotropic case, the electronic states in these bands do not present a general rule. The second consideration is that the error obtained to calculate the noninteracting triplet ground state is smaller than the one obtained to calculate the noninteracting singlet ground state. This indicates that the electron-electron interaction is more important for singlet states than for triplet ones. Similar conclusions were observed when we compare the results from Hartree-Fock and from the exact treatment for this system in Ref. 63 . Moreover, some degeneracies between states with the same quantum number m but with different quantum numbers l and n z can be seen for z = 1.0 in Table IV In order to analyze the degeneracies that happen in the energy spectrum, the total-energy levels associated with ͑N , M , N Z , n , m , n z ͒ states with up to two excitations for different z 's are shown in Table V . Some selected states from this table are displayed in Fig. 5 as functions of the z pa-TABLE IV. Energy levels of the relative-motion problem ͓Eq. ͑14͔͒ for the anisotropic quantum dot for five z parameters and Ќ = 0.5. The states are labeled by ͑n , m , n z ͒, where n and m are the radial and the azimuthal quantum numbers associated with the planar oscillator, respectively, and n z is the quantum number associated with the z-direction harmonic oscillator. Results are in effective a.u. rameter. In such case the total energy is the addition of the relative-motion energy, shown in Table IV , with the centerof-mass energy given by Eq. ͑11͒. We can see a splitting on the degenerate total-energy levels for Ќ = z = 0.5 when z varies. Moreover, other crossings of states happen for different z 's, as can be seen, for example, in Fig. 5 for z = 1.0 and for z Ϸ 0.38. We can note that these crossings of energy levels are of two types: one is due to a symmetry of the confinement potential to particular parameters ͑as with z = 1.0͒, while the other is due to an accidental degeneracy which occurs between excited RM states and excited CM ones ͑as with z Ϸ 0.38͒. The last one is the result of the electron-electron interaction and the vertical deformation. In a similar way it was pointed out by Sun and Ma in Ref. 41 during their studies of two-electron two-dimensional quantum dots confined by elliptical and bowl-like potentials. Besides, it can be seen also that the energy of an excited RM state, ͑0, 0, 0, n , m , n z ͒, is always smaller than that of the similar excited CM state, ͑N , M , N Z , 0, 0, 0͒ with N = n , M = m, and N Z = n z . This can indicate that the effect of the electron-electron interaction is more accentuated, as the isotropic case, in the low-lying states than in the highly excited ones ͑remembering that the CM eigenenergy is equal to the RM one when the electron-electron interaction is taken off͒. Figure 6 shows the ELS as a function of the relativemotion energy for singlets in interacting and noninteracting systems with different z 's. For z Ќ the noninteracting ELS exhibits plateaus due to equidistant intracluster spacings that are not observed in the isotropic case. Some of these plateaus remain when the electron-electron interaction as considered, for example, with z = 1.0, but some of them disappear with z = 4.0. It is interesting to note that the influence of the electron-electron interaction is greater for all calculations with different QD parameters z 's. However, here are also observed behaviors that are similar to the isotropic situation. We can also note some energy gaps on the spectrum for noninteracting systems, and the reduction of the energy gaps and the break of the degeneracy when the interaction is considered in the model. This confirms the analysis in Ref. 55 for two-dimensional quantum dots that the electron-electron interaction changes the behavior of the ELS function significantly, and the preservation of this feature occurs only for the situation when it is compared with the noninteracting situation.
Finally, the spectrum of the two-electron anisotropic three-dimensional quantum dot to z = 0.1, 0.25, 0.5, 1.0, and 4.0 with Ќ = 0.5 is displayed in Fig. 7 . The band structures are observed for all 's, but they appear more clearly for z ജ 0.5. This indicates again that the motion of electrons is mainly governed by the confinement potential for strong QD parameters. In the anisotropic case, however, it cannot establish a general relation to the occurrence of degenerate states.
V. CONCLUSION
In this paper we have studied theoretically a twoelectron quantum dot using a three-dimensional anisotropic harmonic confinement potential. In particular, we focus on the effect of the electron-electron interaction and the anisotropy on the ground and excited electronic states of the system. For this purpose, we have considered the isotropic ͑ 1   FIG. 7 . Spectrum of anisotropic two-electron quantum dot for z = 0.1, 0.25, 0.5, 1.0, and 4.0 with Ќ = 0.5. TABLE V. Total-energy levels up to two excitations for the anisotropic two-electron quantum dot as functions of ͑N , M , N z , n , m , n z ͒, where ͑N , M , N = z ͒ and anisotropic ͑ 1 z ͒ situations for different values of the QD parameters Ќ and z . The spectra, considering both singlet and triplet states, have been computed using a variational approach based on the discrete variable representation method. The DVR method has been widely applied in literature to study problems in molecular and chemical physics, and here it is used with spherical harmonics, for the first time, to solve the eigenvalue-eigenvector equation of the relative motion of the electrons in a three-dimensional quantum dot. The procedure has shown very accurate calculations with at least six significant digits on the eigenvalues of energy. It is important to point out that the DVR method considers completely the electron-electron interaction.
The present results are displayed in Fig. 1-7 and Tables I-V. The major conclusions are summarized as follows: ͑i͒ The effects of the electron-electron interaction are more important for weak confinement potentials than for strong ones, for singlet states than for triplet states, and for low-lying states than for highly excited states. ͑ii͒ The degeneracies that exist in the noninteracting situation are lifted when the electron-electron interaction is included. ͑iii͒ The existence of vertical deformations breaking degeneracies that exist in the isotropic quantum dots. Other state crossings can appear for particular Ќ and z parameters due to a combination of the electronic interaction and the vertical deformation. ͑iv͒ The observation of equidistant intracluster spacings of energy levels in quantum dots with anisotropic potential. And ͑v͒ the results obtained using the DVR method, when compared with others previously published, perform with great precision. So it demonstrates that such a method can be applied to the study of different confined quantum systems with confidence.
Finally, we call attention to the relation between values of the QD parameters ͑ Ќ and z ͒ which defines the confinement intensity and the Coulombian interaction ͑see, for example, Fig. 1 for the isotropic case and Fig. 4 for the anisotropic situation͒. In this context it is interesting to note that a strong confinement is associated with a high-electronic density, while a weak confinement is associated with a lowelectronic density. Moreover, we have verified that the electron-electron interaction is not so important for strong confinements; then in such a case the interaction can be treated as a perturbation of the noninteracting QD system. However, this is not true in the case of low-electronic density, and, in such a case, it is fundamental to employ or to develop methodologies which compute completely the electron-electron interaction like the one used in the present paper.
